We prove that in general the set of all compatible totally bounded quasi-uniformities (ordered by set-theoretic inclusion) on a topological space does not have good lattice theoretic properties. For instance, we show that even if it is a lattice it need not be modular.
Introduction
In the first part of the paper we examine the properties of the semilattice of the compatible totally bounded quasi-uniformities that a topological space admits. The motivation for this investigation was the open problem posed at the end of [11] . By answering this question we show that the number of all compatible totally bounded quasiuniformities on a topological space can be any given nonzero cardinal. Moreover we prove that every (nonempty) finite distributive lattice can occur as the lattice of the compatible totally bounded quasi-uniformities of some topological space. We show by an example that in general the semilattice of compatible totally bounded quasi-uniformities on a topological space is not a lattice. We also prove that if it is a lattice, it need not be modular. During our investigations numerous additional results concerning the number of compatible totally bounded quasi-uniformities on topological spaces are obtained.
In [15] Mooney and Richmond studied cardinality and structure of semilattices of ordered compactifications. For basic results on topological and quasi-uniform spaces we refer the reader to [4, 6] .
In particular let us mention (compare [16] ) that each topological space X admits the transitive and totally bounded Pervin quasi-uniformity generated by the entourages
[G × G] ∪ [(X \ G) × X] where G is an open subset of X.
We recall that a quasi-uniformity on a set X is called transitive if it possesses a base consisting of transitive entourages and it is said to be totally bounded provided that for each entourage V the cover {(V ∩ V −1 )(x): x ∈ X} has a finite subcover.
A base B of a topological space X is called an l-base (i.e., a lattice base) if it is closed under finite unions and finite intersections and ∅, X ∈ B. In [14] it is observed that for an arbitrary topological space there is a one-to-one correspondence between the set of compatible transitive totally bounded quasi-uniformities U B and the set of its l-bases B. In particular, we recall that
B × B] ∪ [(X \ B) × X]: B ∈ B
and B consists of the sets B which are strongly contained in themselves with respect to U B .
The notion of the handy relation was defined in [9] ; an equivalent form was presented in [14] with the help of l-bases. We recall that an open set of a topological space is handy in itself (or shortly handy) if and only if it is contained in each l-base [14, 3.3] .
By P (X) we shall denote the power set of a set X.
Lattice theoretic properties
In this section we are going to show that in general the set of all totally bounded quasiuniformities (ordered by set-theoretic inclusion) that a topological space admits does not have good lattice theoretic properties.
It is readily seen that for an arbitrary set X the collection of all (totally bounded) quasi-uniformities on X ordered by inclusion yields a complete lattice. In case that X is a topological space and we consider only compatible quasi-uniformities on X, the supremum operation evidently does not cause any problem, since the topology induced by the supremum of a family of quasi-uniformities on X is the supremum of the topologies induced by the members of the family. Hence the supremum of a nonempty collection of compatible quasi-uniformities on a topological space is compatible, too.
On the other hand in general the infimum of two compatible totally bounded quasiuniformities is not compatible as our first example shows.
Proposition 1. There exists a topological space (X, τ ) such that the compatible totally bounded quasi-uniformities do not form a lattice.
Proof. Let X = (ω × ω) ∪ {p} where the latter union is disjoint. Set
. Let a subbase for τ be {∅, X} ∪ {Z(i, j ): i, j ∈ ω} ∪ {M(n): n ∈ ω}. We can enumerate the remaining types of open sets of X as follows:
Let B 1 be the l-base on X generated by {∅, X} ∪ {Z(i, j ): i, j ∈ ω} ∪ {M(n): n is odd} and B 2 be the l-base on X generated by {∅, X} ∪ {Z(i, j ): i, j ∈ ω} ∪ {M(n): n is even}.
First we note that B 1 ∩ B 2 is not a base for τ . In fact {B ∈ B 1 ∩ B 2 : p ∈ B} = ∅. We show that the quasi-uniformity V = U B 1 ∧ U B 2 on X is not compatible. Obviously V is totally bounded. Let us suppose that it would be compatible. Set B = M(1). By our assumption there exists A ∈ τ such that p ∈ A < B where < is the strong inclusion induced by V (see [6, 1.24, 1.28] ). We can assume without loss of generality that A = M(h) for a suitable h ∈ ω. Then there is a C ∈ τ such that A < C < B. Let
and there is a C ∈ τ such that A < C < B and x / ∈ C. But then by definition of
It can be shown that in the previous example X admits a nontransitive totally bounded quasi-uniformity: Indeed, for ε ∈ [0, 1] let G ε = {(x, y) ∈ ω × ω: y (2 − ε)x} and let B 1 be the l-base defined above. Since the sets G ε are unbounded and the members of B 1 (except those containing M(n), where n is odd) are bounded with respect to the first coordinate, it is readily checked that the condition of [7, Proposition 1] is satisfied that implies the existence of a compatible nontransitive totally bounded quasi-uniformity.
Therefore it might be interesting to look for a space which admits only compatible transitive totally bounded quasi-uniformities that do not constitute a lattice under settheoretic inclusion.
Of course, if a topological space admits a coarsest quasi-uniformity the phenomenon discussed in the last example cannot occur. The class of topological spaces that admit a coarsest quasi-uniformity has been characterized and studied in [9, 14] . In particular it was shown that this class of spaces contains all locally compact spaces, i.e., those spaces in which each point has a neighborhood base consisting of compact subsets. In [9] it was also proved that a quasi-uniformity that is minimal among all compatible quasi-uniformities of a topological space X is necessarily the coarsest compatible quasi-uniformity on X. Hence each topological space that admits only finitely many totally bounded quasiuniformities possesses a coarsest compatible totally bounded quasi-uniformity; since according to [11, Proposition 1] a topological space that admits a nontransitive totally bounded quasi-uniformity, possesses at least 2 2 ℵ 0 compatible nontransitive totally bounded quasi-uniformities, such a finite lattice necessarily consists only of transitive members.
Remark 1.
Let U B 1 respectively U B 2 be two transitive totally bounded quasi-uniformities associated with the l-bases B 1 respectively B 2 on a topological space X. It is readily seen that
is the possibly noncompatible infimum of U B 1 and U B 2 on X in the lattice of all transitive totally bounded quasi-uniformities on the set X. Since the infimum U B 1 ∧ U B 2 of U B 1 and U B 2 in the lattice of all quasi-uniformities on X need not be transitive (even if B 1 ∩ B 2 is an l-base for X, as our next example will show), in general only the inequality Furthermore B 1 ∩ B 2 = {X} ∪ {F ⊆ X: F finite}. Hence it is an l-base for (X, τ ). Fix ε > 0. Let C j be a finite cover of X consisting of open intervals belonging to B j (where j ∈ {1, 2}) and of length <
denotes the open ε-ball at x with respect to the usual Euclidean metric d on X. Thus the uniformity generated by the latter metric belongs to U B 1 ∩ U B 2 and thus is contained in U B 1 ∧ U B 2 . But, obviously, the corresponding neighbornets do not belong to the transitive totally bounded quasi-uniformity associated with the l-base B 1 ∩ B 2 on X.
It seems natural to wonder whether for a topological space X such that the collection TB(X) of compatible totally bounded quasi-uniformities is a lattice, TB(X) has some nice properties like modularity. The following example answers this question in the negative.
Proposition 2. There exists a topological space (X, τ ) such that the lattice of all totally bounded quasi-uniformities that X admits is not modular.

Proof. Let
Set S(i) = ω × {i} for i = 0, 1. Choose as a subbase for τ the following collection of sets:
These sets are all handy in X and so are
The following open sets are nonhandy:
It is easy to check that we have enumerated all open sets of X. Let B 0 be composed of ∅, X and the remaining handy open sets. Let
(Of course, here, for instance B 1 ∨B 3 denotes the smallest l-base on X containing both B 1 and B 3 .)
We showed that the lattice N 5 can be embedded into the lattice of compatible totally bounded quasi-uniformities on X. Therefore the latter lattice cannot be modular (see [2, 3.5] ). ✷ Remark 2. If we consider the l-bases generated by B 0 ∪ {S(0) ∪ S(n, 1)} where n ∈ ω, we see that in the previous example there are infinitely many compatible (transitive) totally bounded quasi-uniformities. It would be interesting to find-if possible-a topological space X such that TB(X) is a finite lattice, but not modular.
It is known that any finite interval between T 1 -topologies is distributive and that any finite distributive lattice can occur as an interval between T 2 -topologies (see, e.g., the discussion in [8] ). This fact suggests the following question.
Problem 2.
Is every finite interval of the semilattice of the compatible totally bounded quasi-uniformities of a T 1 -space distributive?
In this context it may be useful to point out that in [12] an example of a T 1 -space is constructed that possesses infinitely many isolated points, but admits a unique totally bounded quasi-uniformity. We finish this section by mentioning a condition for a topological X which implies that TB(X) is a lattice.
Lemma 1. Let (X, τ ) be a topological space and suppose that there exist an l-base B and
Then the cardinality of the set of compatible (transitive) totally bounded quasi-uniformities on X is at least 2 ℵ 0 . 
Proof.
Let B 1 and B 2 be two l-bases for X, x ∈ X and K 1
x , K 2 x be open neighborhoods of x with the previous property with respect to B 1 respectively B 2 . Then
Let X be a topological space such that TB(X) is a lattice. When does TB(X) have a smallest element?
The number of compatible totally bounded quasi-uniformities
In this section we answer a problem raised in [11] by showing that every (nonempty) finite distributive lattice can occur as the lattice of compatible totally bounded quasiuniformities on a topological space and that for every infinite cardinal κ there exists a topological space X such that the number of the compatible totally bounded quasiuniformities on X is equal to κ.
It is interesting to compare these facts with the result of [13, 2.12] which states that the set of all compatible quasi-uniformities on a topological space possesses either 1 or at least 2 2 ℵ 0 elements.
Proposition 3. For every (nonempty) finite distributive lattice there exists a T 0 -space such that the lattice of the compatible totally bounded quasi-uniformities is isomorphic to the given lattice.
Proof. By the Stone Representation Theorem (see, e.g., [1, III.3, Corollary 2]) there exist a set H and A ⊆ P (H ) such that the sublattice A is isomorphic to the given lattice. We can suppose that H is finite and its cardinality is minimal, hence ∅, H ∈ A. Let X = (H ×ω)∪F where (H ×ω)∩F = ∅ and F is finite. During the following construction the exact cardinality of F will be determined. Set A y = {A ∈ A: y ∈ A} ∈ A (y ∈ H ).
Let us define the topology τ on X and simultaneously determine the size of F. If y ∈ H, n ∈ ω, then let A y × [0, n] be the minimal neighborhood of (y, n) where 
It is easy to verify that these sets are nonhandy in the space defined so far provided that A is nonempty. Now our aim is to determine neighborhoods for the remaining points in F so that these sets will be the only nonhandy open sets in X. In the following we shall call sets of the form A × ω with A = ∅ trivially nonhandy.
At We want to prove that there is no other l-base on X. Let B be an l-base such that Finally we have to verify that {B A : A ∈ A} is isomorphic to A. But this is evident, since there exists an obvious order isomorphism from A to {B A : A ∈ A}, namely A → B A . ✷
Corollary 2. For every n ∈ ω \ {0} there exists a topological space such that the number of the compatible totally bounded quasi-uniformities is equal to n.
The following general problem remains open:
Problem 4. Characterize those (semi)lattices that occur as TB(X) for some appropriate topological space X.
However in the infinite case we still have the following positive partial result.
Proposition 4. For any cardinal number κ ω there exists a topological T 0 -space X such that X admits exactly κ (transitive) totally bounded quasi-uniformities.
Proof. Set L = {α ∈ κ: α is a limit ordinal} ∪ {κ}. Moreover let 1} ∪ ((κ, 0), 1), ((κ, 1), 1) .
It may be useful to visualize X as the disjoint union of two sets consisting of the points having the last coordinate equal to 0 respectively 1. A subbase for the topology τ is
These sets are all compact; hence they are contained in each l-base. Obviously for
is contained in each l-base and so is
Indeed each nonhandy open set in X is the union of G and some handy open set. Observe also that if an l-base contains H with G ⊆ H, then it contains any open set larger than H. Now we are going to define l-bases on X. Let B be the set composed of the handy open sets. Clearly this yields the smallest l-base of X. As usual, τ is the largest l-base of X.
If α ∈ κ \ L, then let B α be the l-base generated by B ∪ {G ∪ H (α, 1)}. If α ∈ L, then let B α,0 be the l-base generated by B ∪ {G ∪ K((α, 0), 1) ∪ K((α, 1), 1)}, B α,1 the l-base generated by B ∪ {G ∪ K((α, 0), 1)}, B α,2 the l-base generated by B ∪ {G ∪ K((α, 1), 1)} and B α,3 the l-base generated by B ∪ {G ∪ ( β∈α\L H (β, 1) 
We are going to show that there are no other l-bases.
Let C be an l-base such that C = B and C = τ . Then C must contain a minimal (in fact, , 1), 1) ) and α ∈ L, then C = B α, 3 . Clearly, no other case can occur.
Observe that in X there is no infinite strictly decreasing chain of open sets. Hence by the proof of [11, Lemma 1] there does not exist a compatible nontransitive totally bounded quasi-uniformity on X. Since, evidently, the cardinality of the set of l-bases on X is equal to κ, we conclude that X admits exactly κ totally bounded quasi-uniformities all of which are transitive. ✷ Let us recall that on the other hand each infinite Hausdorff space admits at least 2 2 ℵ 0 transitive totally bounded quasi-uniformities (see [11, Proposition 2] ).
Problem 5.
In the light of the nontrivial T 1 -space constructed in [12] that admits a unique totally bounded quasi-uniformity, although it has infinitely many isolated points, it seems natural to ask: Is there for each nonzero cardinal κ a topological T 1 -space X such that X admits exactly κ totally bounded quasi-uniformities?
Next we enumerate some simple, but noteworthy observations; two of them are based on the construction given in the proof of Proposition 4.
Remark 3.
It is not true that the number of compatible totally bounded quasi-uniformities on an open subspace of a topological space is less than or equal to the number of compatible totally bounded quasi-uniformities on the whole space.
Proof. Let us consider the example in [12] . This space is a T 1 -space and admits only one totally bounded quasi-uniformity, but it has a countably infinite open discrete subspace which admits 2 2 ℵ 0 totally bounded quasi-uniformities. ✷ Problem 6. Do similar examples exist in classes of spaces satisfying additional separation properties?
Note that closed subspaces of topological spaces behave better in this respect, since each compatible totally bounded quasi-uniformity on a closed subspace can be extended to a compatible totally bounded quasi-uniformity on the whole space (see [3, Theorem 1.6] ). In the following we shall need some definitions from [11] . Let G be a prime open filter on a topological space X. Furthermore let G be the supremum filter of the family {η(x): x is a limit point of G} on X. (Here η(x) denotes the neighborhood filter of x ∈ X; in particular if the convergence set lim G of G is empty, we set G = {X}.)
In the context of Problem 5 stated above the following proposition seems interesting. Let us note that in [10] respectively [5] a weaker form of this result with 1 instead of ℵ 0 was established. Proof. Note first that for any x ∈ X such that X − {x} is not compact, we can define, after having chosen an increasing open cover {C α : α < λ} of X − {x} without finite subcover (see, e.g., [17] ), an l-base as follows: B x = {G ∈ τ : x ∈ G} ∪ {G ∈ τ : G ⊆ C α for some α < λ}. If x, y ∈ X and x = y, then X − {x} / ∈ B x , but X − {x} ∈ B y . Thus the l-bases defined in this way are pairwise distinct.
Case 1: X is compact. Suppose that (X, τ ) is not hereditarily compact. Let G be a maximal open noncompact subset of X.
Both assumptions on X then clearly imply that G is Lindelöf. Therefore G is not countably compact. There is an injective sequence (x n ) n∈ω in X without cluster point in G. Let F be a free ultrafilter on H = {x n : n ∈ ω} and let U F be the ultrafilter generated by the filterbase F on X.
Hence all constructed prime open filters are distinct. Suppose that G F = G F ∩ τ for some free ultrafilter F on H. Choose an infinite subset F of H such that F / ∈ F . Then there is a finite subcollection M of G F such that each member in M contains a limit point of G F and such that
is compact, since all such limit points belong to X − G; however F is an infinite closed discrete subset of G − M-a contradiction. Therefore G F = G F ∩ τ. We conclude by [11, Lemma 3] that X admits at least 2 2 ℵ 0 transitive totally bounded quasi-uniformities-a contradiction.
Case 2: X is not compact. Then X − {x} is not compact for any x ∈ X. Thus |X| ℵ 0 , since |TB(X)| ℵ 0 . Suppose that (G n ) n∈ω is a strictly increasing sequence of open sets in X. (Otherwise we are finished, since X is hereditarily compact.) Choose x n ∈ G n+1 − G n whenever n ∈ ω. Let G = n∈ω G n . Then set H = {x n : n ∈ ω}; as in Case 1 define a prime open filter G F for any free ultrafilter F on H. Since X − G is countable, there are at most 2 ℵ 0 distinct limit sets for the 2 2 ℵ 0 pairwise distinct prime open filters G F available, that is |{G F : G F = G F ∩ τ }| 2 ℵ 0 and thus |{G F : G F = G F ∩ τ }| = 2 2 ℵ 0 . Consequently |TB(X)| 2 2 ℵ 0 by [11, Lemma 3]-a contradiction. We conclude that X is hereditarily compact. ✷ We finish this article with a result on nontransitive totally bounded quasi-uniformities. Proof. In the following < will denote the strong inclusion induced by V. By our assumption according to [11, Therefore G ε / ∈ P ε . Observe also that if ε, ε ∈ ]0, 1[ and ε < ε , then G ε − G ε ∈ F ε ⊆ G ε . Consequently G ε / ∈ P ε , but clearly G ε ∈ P ε . Hence P ε = P ε . By [11, Lemma 3] we conclude that X admits at least 2 ℵ 0 transitive totally bounded quasiuniformities. ✷
